H. introduction ction OF POOR QUALITY .I. experiment and their numerical predictions of oration caused by a pitching airfoil in transonic flow are probably a result of the strong interaction of a shock wave with the boundary layer.
An idealized transonic flat problem is investigated below in order to examine a mechanism of shock wave/boundary layer interaction which is possibly responsible for the intenee acoustic fields observed by Succi at al [8] . The analysis proceeds from the unsteady, transonic flaw equations which are linearized about a steady mean flow with account taken of the displacement of the shock, in the manner described by Williams [11] .
The model problem is illustrated schematically in Figure 1 . A twodimensional flat -plate airfoil is placed at zero angle of attack to a mean flow. Above the airfoil the mean flow is uniform and supersonic ahead of a weak shock wave which in the undisturbed state f , assumed to be normal to the airfoil and of unlimited extent. Time At the trailing edge this wave feeds into an unsteady wake and is responsible for the production of edge-generated sound which subsequently interacts with the shock thereby inducing further fluctuations in the boundary layer. Self-sustaining oscillations are possible provided the returning sound waves are in an appropriate phase relation with the motion of the shock, and are of sufficient amplitude. These conditions determine a preferred wavenumber for the boundary layer waves, and our objective is to determine the frequency of the oscillations in terns of the characteristics of the mean boundary layer.
The anal,^tical problem has similarities with that investigated recently by Goldstein et al [13] , concerning the instability of shocks of arbitrary strength in cascades, although no account was taken of shock wave/boundary layer is assumed to be sufficiently weak that the ,generation of vortici,ty and entropy by its motion can be neglected. [14] , which permits It to be imposed on the upper surface of the airfoil ( c.f. .
The principal difficulty in formulating the problem is the modelling of the production of the displacement thickness waves.
The approach adopted here is based on the hypothesis that the functional form for the transition in the boudary layer structure across the shock is invariant in a frame of reference fixed with respect to the root of the shock. This assumption of quasi-static behaviour at the root permits the unsteady motion in the boundary layer to be determined in a linearized approximation provided the mean properties of the boundary layer are known.
a Results are given here only for the highly simplified case in which the mean velocity profile is approximated by a step function, a procedure which has been successfully exploited by Ffowca Williams and Purshouse [18] and Goldstein [19] in analytical studies involving unsteady boundary layers.
Evidently this approach is also applicable to other shock wove / boundary layer interaction problems.
For example, it provides an excellent starting point for investigating the interaction of blade-tip generated shocks of a ducted rotor with the boundary layer on the walls of the duct.
The basis of the model problem is discussed, formulated analytically and solved in 562,3. In 64 the equation for the characteristic frequency of the self-sustaining oscillations is obtained; numerical results given in 15 aie examined in relation to the experiment of Succi at al CB^. In the supersorAic flow ahead of the shock the notion is steady, and
The potential must also satisfy the following conditions at the undisturbed location x l -t of the shock:
+ 2iw a 0 :
where it is understood that these conditions are to be satisfied by f and ao/ax 1 as x 1 -t from the downstream region. The derivatiaas of these formulae are given by Williams 11, 20] .
In the (shock free) main flow region below the airfoil the motion is assumed to be subsonic everywhere and f is required to satisfy equation (4).
Boundary conditions at the airfoil and wake Let vn (xl ) denote the normal (i.e. x 2 -) component of velocity on the surface x2 0 6 lying just outside the boundary layer on the upper surface of the airfoil, 6 being the boundary layer thickness; this will be referred to as the boundary layer displacement velocity. On x2 n 6 y must satisfy
In order to make the subsequent analysis tractable, this condition
• is imposed on x2 • + 0 , an approximation which is a4 acted to be valid provided the length scale ti U/w of boundary layer disturbances is large relative to 6. Boundary layer displacement fluctuations are ' assumed to be absent on the lower surface (x2 -0) of the airfoil, where it is accordingly required that a.0 0
We shall actually apply this condition over the semi-infinite interval -» < x1 < 0 .
This will ensure that acoustic disturbances cannot impinge on the shock from the supersonic region, and avoids difficulties (which cannot be incorpozated .'%,0o the prevent idealised model) arising from the fact that the mean flow ahead of the shock must actually vary with position Similarly, if wh /U <c 1 , where h characterises the mean thickness of the wake downstream of the trailing edge, the perturbation pressure p ' p0 (iw -U ax) e .
(10) 1 0 0 being the mean density, taken to be constant), may be assumed to be continuous across the wake.
In the usual approximation of thin airfoil theory [14] , this condition may be imposed on the centre-line x2 a 00 X > 0 of the wake, and implies that iwx /U
[#] 1 (xl > 0) . _^ q^Ca^ Qq^ A non-zero value of • A is associated with the presence of an asymmetric ( sinuous) disturbance in the wake. Symmimetric "breathing" modes are alr ► possib "lj^x # however. When mh/U is small the pressure is continuous for such modes * but the normal velocity exhibits a simple discontinuity across x2 0, x l > 0 In this case the phase velocity is equal to the minimum mean velocity Urn , say, in the wake [21] . and if Oc t w Umsin /w , the breathing node satieffes 
.vided w6/V is small, i.e., that the wavelength is large relative to 6 (c. f. ref. [16] , 53) .
In the undisturbed state there will exist a length scale d determining the distance in the xl-direction over which the mean properties of the boundary layer change across the shock. When oscillations occur at frequency w it is anticipated that at distances exceeding d downstream of the shock the unsteady motion in the boundary layer consists of a linear combination of the two displacement velocity waves determined by the w dispersion equation ( 15) . This notion leads to the quasi-static representation of the interaction of the boundary layer and shock described below.
In the steady state the boundary layer thickness 6 increases rapidly with x across the shock., and we write 6 0 60F(xl + 1)
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OF POOR QUALITY and assume that In generalising equat i on (16) to unsteady notion, observe that in practice " fanning" of the shock soot occur in the vicinity of the boundary layer, and therefore that the shock -location equation (3) becomes ill-defined as x2 * 0 This fanning will be neglected to the extent that when x2 -+ 0 it will be assumed that a representative value of to -s(0) can be defined to determine the instantaneous position of the root of the shock just outside the boundary layer.
last C(x l ,t) denote the unsteady boundary layer thickness, and introduce the representation ik( xl+t)
where KI , KZ respectively denote the wavenumber K t defined by equation (15) (18) is dt ainated by the residue contributions from these poles, and the motion thereby described is entirely associated with the corresponding displacement velocity waves.
When W is real, K I ,K* respectively determine boundary layer disturbances * which grow and decay exponentially with increasing zl .
In the opposite extreme in which (xl+il ! 0 ( d) , the displacement velocity poles make an insignificant contribution to the inutgral, and (18) reduces to
Cl9)
The hypothesis that the structure of the boundary layer in the neighbourhood of the shock is invariant in a reference from fixed relative to the shock requires that f (kd) be interpreted as the Fourier transform of
In the following discussion the functional form of F(z+L) is assumed to be known.
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The displecAtmant velocity %(x l )' any now br, expressed in terms of the displacemeri4, s0 of the root of the shock by substituting the rspresentation ( 18) into the linear theory formula
Similarly, since F'(x) vanishes for z + I -d , upstream of the shock, equation (14) becomes
I -..
I I
Boundary value problem for + .Collecting together the principal strands of the above discussion, the boundary value problem for the potential # may be stated thus:
For (xl > -lt, x2 > o) and (-. < x < •, x2 < 0) , find which satisfy that radiation condition at large distances from the airfoil together with the following:
2.8
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I. Conditions on the Airfoil: III. Conditions at the *bock:
The coefficient A is to be determined by application of the Tutta condition at the trailing edge of the e'-foil, and B is given in terms of z0 by equation (24) .
When used in conjunction with the dispersion equation ( 15) , the solution of this boundary value problem provides the characteristic equation for the admissible frequencies w for which self-sustaining oscillations of the shock gave are possible. Squation ( 33a) has been simplified by making use of the condition 42 « 1 .
2.9
Since the problem is linear we can set A Fourier integral representation for *1 is obtained in Appendix 1 by the Wiener-Hopf technique [22] . In x2 > 0 we find
3.2
• in which the notation t id indicates that the contour of integration in the k-plane passes above the pole at k -a and below the poles at
The function y(k) is defined by
where branch cuts for the radicals on the right-hand side are taken respectively in the upper and lower halves of the k-plane,, such that when K is real and positive, y(k) is positive on the real axis for JK1 < K and positive imaginary for jk) > K .
Boundary value problem for * 2
Motion of the shock causes sound to be radiated in the downstream direction.
Since the influence of the displacement velocity is included in 01 , the shock associated sound must satisfy
rather than ( 31), where again the condition is imposed on the half-line ( < R < 0) . In the wake there is no need to account for breathing modes generated by the displacement effect upstream of the edge, and 2 is therefore required to satisfy conditions ( 32) with B -0 . 
2 is the diffracted field produced by the edge and wake, and may again be determined by the Wiener-Hopi procedure. In Appendix 2 it is shown that, for x2 > 0 
where the cosine transform ^1 is given by
.' In equation ( 42) the second term an the left hand side is discarded. This expresses the influence on the shock of sound waveM orignally generated by the shock (^r2) and subsequently diffracted at the trailing edge. The amplitude of these waves is expected to be small 4.1 or^^4 % con hared with the sound produced by the boundary layer/edge interaction because of the exponential growth of the displacement velocity waves d as they propagate towards the edge.
When the second integral on the right of equation (43) is inserted into the right hand side of (42), it describes the effect on the shock of sound generated by the boundary layer/edge interaction.
This interaction Will be dominated by the exponentially growing displacement velocity wave (proportional to e iKIx l,6 ,whose effect is determined by the residue contribution to the integral from the pole at V W K T . This will be taken to represent the principal component of the edge generated sound.
Taking account of these approximations we accordingly reduce equation (42) is reduced to
where X1 X 2 , respentively denote the local and edge-diffracted influences on the shock of the boundary layer motion, and have the explicit representations: When X 4 -L on x2 + 0 the integration contour in the k-plane may be displaced to -i s .
In so doing the integral along the real axis is transformed into the sum of two terms 2 00 1 , z002 , say, respectively equal to the residue of the simple pole at k w a (which characterises the local effect of the continuum of boundary layer displacement velocity waves specified by equation (23P and an integral arouni a contour enclosing the branch cut of ► i i+k , which extends from k w -X to -K -i-. The latter represents the edge generated sound.
Thus we find:
I^ r iwl the branch-cut integral can be reduced to the form. 
The second term in the brace brackets of equation (44) 
where use has been made of equations (46) stationary phase [22] . Taking account of this remark we define In order to derive quantitative predictions from equation (61) it.is necessary to introduce an explicit representation of the function f(vd) given by equation (20) . Consider first the value of f(KId) which occurs in the definition (60a) of B By hypothesis, both the transition length d and the boundary layer thickness 6 -d o + 6' are small relative to the wavelengths of the displacement velocity waves.
Since F'(x1 ) is significantly different from zero only for Ix l j < 0(d), it follows from (17) and (20) that, to leading order,
(6 3) 10 and this estimate will be employed in calculating B .
To estimate the corresponding values of the coefficient A from its definition (58), it will be assumed for simplicity that F I N +R) is an even function with respect to the undisturbed location xl -f of the root of the shock. When KI d << 3 the leadins order j asymptotic approximation to equation (58) reduces to
Numerical results are presented below for the came
for which, WWR+iWI ki 0 where WR ,WI are the real and imaginary parts of W If the mean velocity in the wake is assumed to relax rapidly to that of the mean stream U , the wavenumber K a of the breathing mode in the were is equal to w/U , and this value is used below. Equation ( 61) may now be expressed in the form and n is an integer. Equation (68s) is the feedback loop condition that the total phase change around the loop should be a multiple of 2n .
The term erg (0 ) is the change in phase introduced into the loop during the production of displacement velocity and sound waves; the remaining terms on the left of (68c) account for the effects of propagation discussed above. Equation ( 68b) determines the growth rate of the instability wave in the boundary layer, wi ch must be such as to ensure that the amplitudes of the sound waves returning to the shock are sufficiently great to sustain the loop. u Equations (68) are to be solved simultaneously with equation (15) relating the displacement velocity wavennmber to the characteristics of the assumed boundary layer velocity profile. In terms of dimensionless variables equation (13) to the main flow velocity and 6 -6 0 + 6^ is the boundary layer thickness.
Equation (10) characterises a disturbance which grows exponentially as it
5.3
propogates at phase velocity V downstream from the shock.,
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Numerical Results
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Equations ( The analysis of the coupling between the shock and the boundary layer is based on the hypothesis that the motion in the neighbourhood of the root of the shock is steady in a reference frame moving with the root.
There are obviously many differences between the model and real flows: s shocks are not usually weak nor of infinite extent, are often accompanied by a separation bubble and never enter the boundary layer in one front.
In addition, disturbances generated downstream of the shock leak through the boundary layer and can also propagate around the leading edge of the airfoil to modify conditions ahead of the shock. However, the theory provides a useful first step in the understanding of unsteady shock/ boundary layer interactions, and would also be applicable to other aeroacoustic problems, such as the interaction of blade-tip shocks of a ducted, transonic rotor with wall boundary layers. 
W)
where Ul, U2 are regular in In k > 0 and vanish as k + + i-.
Using the method described by Noble [22] to eliminate L1 ,L20 U19 U2 one finds ultimately that 
